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Abstra
t

In the paper, we 
onsider the Hop�eld neural network model des
ribed by

a system of neutral type di�erential equations with several delays. Using

the Lyapunov�Krasovskii fun
tionals method, 
onditions are spe
i�ed for

the model parameters that guarantee exponential stability of the stationary

solution to the 
onsidered system. Under these 
onditions, estimates are

obtained that 
hara
terize the stabilization rate of solutions at in�nity.
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Ïîñâÿùàåòñÿ ìîåìó íàó÷íîìó ðóêîâîäèòåëþ ïðî�åññîðó

Äåìèäåíêî �åííàäèþ Âëàäèìèðîâè÷ó

� 1. Ââåäåíèå è ïîñòàíîâêà çàäà÷è

Â ðàáîòå ðàññìàòðèâàåòñÿ ñèñòåìà äè��åðåíöèàëüíûõ óðàâíåíèé íåé-

òðàëüíîãî òèïà ñëåäóþùåãî âèäà:

d

dt
xi(t) = −a0ixi(t) +

n∑

j=1

aijfj(xj(t)) +
n∑

j=1

bijgj(xj(t− τij(t)))

+
n∑

j=1

cij
d

dt
xj(t− ξij(t)) + ui, i = 1, . . . , n, t > 0. (1.1)

ISSN 1560-750X

Ìàòåìàòè÷åñêèå òðóäû, 2025, Òîì 28, � 3, C. 95-124

Mat. Trudy, 2025, V. 28, N. 3, P. 95-124



Ñêâîðöîâà Ì.À. 97

Çäåñü τij(t), ξij(t) ∈ C1([0,∞)), i, j = 1, . . . , n, � �óíêöèè çàïàçäûâàíèÿ,

óäîâëåòâîðÿþùèå óñëîâèÿì

0 ≤ τij(t) ≤ τij ,
d

dt
τij(t) ≤ τ̄ij < 1, i, j = 1, . . . , n, t ≥ 0, (1.2)

0 < ξij(t) ≤ ξij,
d

dt
ξij(t) ≤ ξ̄ij < 1, i, j = 1, . . . , n, t ≥ 0, (1.3)

ãäå τij , τ̄ij , ξij, ξ̄ij � ïîñòîÿííûå. Ôóíêöèè fj(x), gj(x) ∈ C(R), j = 1, . . . , n,
ïðåäïîëàãàþòñÿ ëèïøèöåâûìè, ò. å.

|fj(x)− fj(y)| ≤ µj|x− y|, j = 1, . . . , n, x, y ∈ R, (1.4)

|gj(x)− gj(y)| ≤ νj|x− y|, j = 1, . . . , n, x, y ∈ R, (1.5)

ãäå µj, νj � êîíñòàíòû. Îñòàëüíûå ïàðàìåòðû ñèñòåìû a0i , aij , bij cij , ui,

i, j = 1, . . . , n, òàêæå ïðåäïîëàãàþòñÿ ïîñòîÿííûìè.

Ïðè τij ≡ τ , τ̄ij ≡ τ̄ , ξij ≡ ξ, ξ̄ij ≡ ξ̄ ñèñòåìà (1.1) ðàññìàòðèâàëàñü â

ðàáîòå [1℄ êàê ìîäåëü íåéðîííîé ñåòè Õîï�èëäà, â êîòîðîé íåèçâåñòíûå

�óíêöèè xi(t), i = 1, . . . , n, îòâå÷àþò çà ñîñòîÿíèå i-ãî íåéðîíà â ìîìåíò

âðåìåíè t.

Îòìåòèì, ÷òî, â ëèòåðàòóðå èìåþòñÿ ðàçëè÷íûå ìîäåëè íåéðîííîé ñå-

òè Õîï�èëäà, êîòîðûå îñíîâàíû íà êëàññè÷åñêîé ìîäåëè, ïðåäëîæåííîé

Äæ.Äæ. Õîï�èëäîì â ðàáîòàõ [2℄, [3℄. Â ÷àñòíîñòè, ïðè îïèñàíèè ìîäå-

ëåé èñïîëüçóþòñÿ ñèñòåìû äè��åðåíöèàëüíûõ óðàâíåíèé íåéòðàëüíîãî

òèïà (ñì., íàïðèìåð, [1℄, [4℄, [5℄, [6℄, [7℄). Â ñòàòüÿõ [1℄, [4℄, [5℄, [6℄, [7℄ èçó÷à-

ëàñü óñòîé÷èâîñòü ðåøåíèé ñèñòåì íåéòðàëüíîãî òèïà, â [1℄ ïîìèìî èññëå-

äîâàíèÿ óñòîé÷èâîñòè òàêæå ðàññìàòðèâàëñÿ âîïðîñ î ïîëó÷åíèè îöåíîê

ñêîðîñòè ñòàáèëèçàöèè ðåøåíèé íà áåñêîíå÷íîñòè.

Â íàñòîÿùåé ðàáîòå áóäóò íàéäåíû óñëîâèÿ íà ïàðàìåòðû ìîäåëè (1.1),

ãàðàíòèðóþùèå ýêñïîíåíöèàëüíóþ óñòîé÷èâîñòü ñòàöèîíàðíîãî ðåøåíèÿ,

è ïîëó÷åíû îöåíêè, õàðàêòåðèçóþùèå ñêîðîñòü ñòàáèëèçàöèè ðåøåíèé ñè-

ñòåìû (1.1) íà áåñêîíå÷íîñòè. Â òîì ÷èñëå, áóäóò óòî÷íåíû íåêîòîðûå

ðåçóëüòàòû èç ðàáîò [1℄, [4℄, [5℄, [6℄, [7℄.

Ìû áóäåì èñïîëüçîâàòü ìåòîä �óíêöèîíàëîâ Ëÿïóíîâà � Êðàñîâñêî-

ãî [8℄, êîòîðûé ïðè ïîäõîäÿùåì âûáîðå �óíêöèîíàëà ìîæåò áûòü ïðè-

ìåíåí äëÿ ïîëó÷åíèÿ îöåíîê ðåøåíèé ñèñòåì çàïàçäûâàþùåãî òèïà (ñì.,

íàïðèìåð, [9℄, [10℄, [11℄, [12℄, [13℄, [14℄), à òàêæå ñèñòåì íåéòðàëüíîãî òèïà

(ñì., íàïðèìåð, [15℄, [16℄, [17℄, [18℄, [19℄, [20℄, [21℄, [22℄, [23℄, [24℄). Â íàøåé

ðàáîòå ìû áóäåì îïèðàòüñÿ íà ðåçóëüòàòû ðàáîòû [21℄, â êîòîðîé ðàñ-

ñìàòðèâàëàñü ñèñòåìà äè��åðåíöèàëüíûõ óðàâíåíèé íåéòðàëüíîãî òèïà

ñ íåñêîëüêèìè çàïàçäûâàíèÿìè

d

dt
y(t) = A(t)y(t) +

m∑

j=1

Bj(t)y(t− τj) +
m∑

j=1

Cj(t)
d

dt
y(t− τj), t > 0,
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ãäå A(t), Bj(t), Cj(t) ∈ C([0,∞)) � êâàäðàòíûå ìàòðèöû ñ íåïðåðûâíûìè

T -ïåðèîäè÷åñêèìè ýëåìåíòàìè, ò. å.

A(t+ T ) ≡ A(t), Bj(t+ T ) ≡ Bj(t), Cj(t+ T ) ≡ Cj(t),

τj > 0, j = 1, . . . , m. Ïðè èññëåäîâàíèè àñèìïòîòè÷åñêîãî ïîâåäåíèÿ ðå-

øåíèé äàííîé ñèñòåìû â [21℄ èñïîëüçîâàëñÿ �óíêöèîíàë Ëÿïóíîâà � Êðà-

ñîâñêîãî

〈H(t)y(t), y(t)〉+
m∑

j=1

t∫

t−τj

〈Kj(t− s)y(s), y(s)〉ds

+
m∑

j=1

t∫

t−τj

〈
Lj(t− s)

d

ds
y(s),

d

ds
y(s)

〉
ds (1.6)

ñ ìàòðèöàìè H(t) ∈ C1([0, T ]), Kj(s), Lj(s) ∈ C1([0, τj ]) òàêèìè, ÷òî

H(t+ T ) ≡ H(t), H(t) = H∗(t) > 0,

Kj(s) = K∗
j (s) ≥ 0, Lj(s) = L∗

j (s) ≥ 0, j = 1, . . . , m.

Ïðè èçó÷åíèè ñèñòåìû (1.1) ìû òàêæå áóäåì èñïîëüçîâàòü �óíêöèîíàë

âèäà (1.6).

� 2. �åçóëüòàòû äëÿ ëèíåéíîé ìîäåëè

ñ ïîñòîÿííûìè çàïàçäûâàíèÿìè

Âíà÷àëå ðàññìîòðèì ñëó÷àé, êîãäà �óíêöèè fj(x), gj(x), j = 1, . . . , n,
ÿâëÿþòñÿ ëèíåéíûìè:

fj(x) = x, gj(x) = x, j = 1, . . . , n,

à ïàðàìåòðû çàïàçäûâàíèÿ τij(t), ξij(t), i, j = 1, . . . , n, � ïîñòîÿííûìè:

τij(t) ≡ τij , ξij(t) ≡ ξij, i, j = 1, . . . , n.

Ïðåäïîëîæèì, ÷òî ó ñèñòåìû (1.1) ñóùåñòâóåò åäèíñòâåííîå ñòàöèîíàðíîå

ðåøåíèå x∗ = (x∗
1, . . . , x

∗
n), ò. å. ñèñòåìà ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíå-

íèé

0 = −a0ixi +
n∑

j=1

aijxj +
n∑

j=1

bijxj + ui, i = 1, . . . , n,

îäíîçíà÷íî ðàçðåøèìà. Ýòî óñëîâèå ýêâèâàëåíòíî òîìó, ÷òî

det(A0 − A− B) 6= 0,
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ãäå

A0 =



a01 . . . 0
.

.

.

.

.

.

.

.

.

0 . . . a0n


 , A =



a11 . . . a1n
.

.

.

.

.

.

.

.

.

an1 . . . ann


 , B =



b11 . . . b1n
.

.

.

.

.

.

.

.

.

bn1 . . . bnn


 .

Íèæå áóäóò óêàçàíû óñëîâèÿ íà êîý��èöèåíòû a0i , aij , bij , i, j = 1, . . . , n,
ïðè êîòîðûõ ýòî óñëîâèå ãàðàíòèðîâàííî âûïîëíÿåòñÿ.

Ñ ïîìîùüþ çàìåíû

yi(t) = xi(t)− x∗
i , i = 1, . . . , n,

ñèñòåìà (1.1) ïðèâîäèòñÿ ê âèäó

d

dt
yi(t) = −a0i yi(t) +

n∑

j=1

aijyj(t) +

n∑

j=1

bijyj(t− τij)

+

n∑

j=1

cij
d

dt
yj(t− ξij), i = 1, . . . , n, t > 0. (2.1)

Äëÿ ýòîé ñèñòåìû ðàññìîòðèì íà÷àëüíóþ çàäà÷ó





d

dt
yi(t) = −a0i yi(t) +

n∑

j=1

aijyj(t) +
n∑

j=1

bijyj(t− τij)

+

n∑

j=1

cij
d

dt
yj(t− ξij), i = 1, . . . , n, t > 0,

yi(t) = ϕi(t), i = 1, . . . , n, t ∈ [−Tmax, 0],

yi(+0) = ϕi(0), i = 1, . . . , n,

(2.2)

ãäå

Tmax = max
i,j=1,...,n

{τij , ξij} ,

ϕi(t) ∈ C1([−Tmax, 0]), i = 1, . . . , n, � çàäàííûå �óíêöèè, êîòîðûå óäîâëå-

òâîðÿþò ñèñòåìå (2.1) ïðè t = 0, ò. å.

d

dt
ϕi(0) = −a0iϕi(0) +

n∑

j=1

aijϕj(0) +
n∑

j=1

bijϕj(−τij)

+
n∑

j=1

cij
d

dt
ϕj(−ξij), i = 1, . . . , n.
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Ïîñêîëüêó â ñèëó óñëîâèÿ (1.3) âûïîëíåíî íåðàâåíñòâî min
i,j=1,...,n

ξij > 0, òî

ïîñëåäíåå óñëîâèå ãàðàíòèðóåò íåïðåðûâíóþ äè��åðåíöèðóåìîñòü ðåøå-

íèÿ ïðè t > 0: yi(t) ∈ C1([0,∞)), i = 1, . . . , n. Âñþäó äàëåå áóäåì ïðåäïî-

ëàãàòü, ÷òî äàííîå óñëîâèå âûïîëíÿåòñÿ.

Âíà÷àëå ñ�îðìóëèðóåì ðåçóëüòàò îá ýêñïîíåíöèàëüíîé óñòîé÷èâîñòè

íóëåâîãî ðåøåíèÿ ñèñòåìû (2.1).

Òåîðåìà 1. Ïðåäïîëîæèì, ÷òî

a0i > 0, i = 1, . . . , n, (2.3)

è ñóùåñòâóþò âåëè÷èíû lij > 0, i, j = 1, . . . , n, òàêèå, ÷òî âûïîëíåíû íåðà-

âåíñòâà

ljr −
(

n∑

i=1

lij

)(
n∑

s=1

|cjs|
)
|cjr| > 0, j, r = 1, . . . , n, (2.4)

n∑

j=1

[
ljq(a

0
q)

2 −
(

n∑

i=1

lij

)(
n∑

s=1

(|ajs|+ |bjs|)
)
(|ajq|+ |bjq|)

×


1 +

n∑

r=1

(
n∑

i=1

lij

)
|cjr|2

(
ljr −

(
n∑

i=1

lij

)(
n∑

s=1

|cjs|
)
|cjr|

)




]
> 0, q = 1, . . . , n. (2.5)

Òîãäà íóëåâîå ðåøåíèå ñèñòåìû (2.1) ýêñïîíåíöèàëüíî óñòîé÷èâî.
Òåîðåìà 1 áóäåò äîêàçàíà â ñëåäóþùåì ïàðàãðà�å.

Íåòðóäíî âèäåòü, ÷òî, âûáèðàÿ ïîäõîäÿùèì îáðàçîì âåëè÷èíû lij >

0, i, j = 1, . . . , n, ìîæíî ïîëó÷àòü ðàçëè÷íûå óñëîâèÿ íà êîý��èöèåíòû

ñèñòåìû (2.1), ãàðàíòèðóþùèå ýêñïîíåíöèàëüíóþ óñòîé÷èâîñòü íóëåâîãî

ðåøåíèÿ. Ïðèâåäåì îäèí èç âàðèàíòîâ.

Ñëåäñòâèå 1. Ïðåäïîëîæèì, ÷òî âûïîëíåíû íåðàâåíñòâà

a0i > 0, i = 1, . . . , n,

1− n

(
n∑

s=1

|cjs|
)
|cjr| > 0, j, r = 1, . . . , n,

(a0q)
2 −

n∑

j=1

(
n∑

s=1

(|ajs|+ |bjs|)
)
(|ajq|+ |bjq|)

×


1 +

n∑

r=1

n|cjr|2(
1− n

(
n∑

s=1

|cjs|
)
|cjr|

)


 > 0, q = 1, . . . , n.
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Òîãäà íóëåâîå ðåøåíèå ñèñòåìû (2.1) ýêñïîíåíöèàëüíî óñòîé÷èâî.
Äàííîå óòâåðæäåíèå âûòåêàåò èç òåîðåìû 1, åñëè ïîëîæèòü

lij = 1, i, j = 1, . . . , n.

Òåïåðü ðàññìîòðèì íåñêîëüêî ÷àñòíûõ ñëó÷àåâ. Ïóñòü ñíà÷àëà n = 1.
Òîãäà ñèñòåìà (2.1) ïåðåõîäèò â ñêàëÿðíîå óðàâíåíèå

d

dt
y(t) = −a0y(t) + by(t− τ) + c

d

dt
y(t− ξ), t > 0. (2.6)

Ñëåäñòâèå 1 ïåðåõîäèò â ñëåäóþùåå óòâåðæäåíèå.

Ñëåäñòâèå 2. Ïðåäïîëîæèì, ÷òî âûïîëíåíû íåðàâåíñòâà

a0 > 0, |c| < 1, (a0)
2 − |b|2

(1− |c|2) > 0. (2.7)

Òîãäà íóëåâîå ðåøåíèå óðàâíåíèÿ (2.6) ýêñïîíåíöèàëüíî óñòîé÷èâî.
Çàìå÷àíèå 1. Îòìåòèì, ÷òî òðåòüå íåðàâåíñòâî â �îðìóëå (2.7) ÿâ-

ëÿåòñÿ ñóùåñòâåííûì. Äåéñòâèòåëüíî, ïóñòü

a0 > 0, b > 0, 0 < c < 1, (a0)
2 − |b|2

(1− |c|2) = 0. (2.8)

Òîãäà ïðè

τ =

√
1− c2

a0c
(2π − arcsin(c)) , ξ =

√
1− c2

a0c
arccos(c)

îäíèì èç ðåøåíèé óðàâíåíèÿ (2.6) ÿâëÿåòñÿ �óíêöèÿ

y(t) = sin

(
a0c√
1− c2

t

)
,

êîòîðàÿ íå ñòðåìèòñÿ ê íóëþ ïðè t → ∞. Òåì ñàìûì, íóëåâîå ðåøåíèå

óðàâíåíèÿ (2.6) íå ÿâëÿåòñÿ ýêñïîíåíöèàëüíî óñòîé÷èâûì.

Çàìå÷àíèå 2. Êàê áûëî îòìå÷åíî âûøå, â ñòàòüÿõ [1℄, [4℄, [5℄, [6℄, [7℄

òàêæå èçó÷àëàñü óñòîé÷èâîñòü íóëåâîãî ðåøåíèÿ îïðåäåëåííûõ êëàññîâ

ñèñòåì íåéòðàëüíîãî òèïà, ÷àñòíûì ñëó÷àåì êîòîðûõ ÿâëÿåòñÿ óðàâíå-

íèå (2.6). Ïðîâåäåì ñðàâíåíèå ðåçóëüòàòîâ íàñòîÿùåé ðàáîòû ñ ðåçóëüòà-

òàìè óêàçàííûõ ñòàòåé ïðèìåíèòåëüíî ê óðàâíåíèþ (2.6).

1. Èç óòâåðæäåíèé, ïðèâåäåííûõ â ðàáîòå [1℄, âûòåêàåò, ÷òî ïðè âû-

ïîëíåíèè óñëîâèé (2.8) íóëåâîå ðåøåíèå óðàâíåíèÿ (2.6) áóäåò ýêñïîíåí-

öèàëüíî óñòîé÷èâûì, ÷òî ïðîòèâîðå÷èò çàìå÷àíèþ 1.
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2. Ïîëó÷åííûå â ðàáîòå [4℄ óñëîâèÿ àñèìïòîòè÷åñêîé óñòîé÷èâîñòè íó-

ëåâîãî ðåøåíèÿ óðàâíåíèÿ (2.6) ïðè ξ = τ ñîâïàäàþò ñ óñëîâèÿìè (2.7).

Ñëó÷àé ξ 6= τ â ðàáîòå [4℄ íå ðàññìàòðèâàëñÿ.

3. Â ðàáîòå [5℄ óñëîâèÿ àñèìïòîòè÷åñêîé óñòîé÷èâîñòè íóëåâîãî ðåøå-

íèÿ ñèñòåì íåéòðàëüíîãî òèïà ñ�îðìóëèðîâàíû â òåðìèíàõ ñóùåñòâîâà-

íèÿ áîëüøîãî êîëè÷åñòâà ìàòðèö è ïàðàìåòðîâ, êîòîðûå íå âûïèñàíû â

ÿâíîì âèäå, èç-çà ÷åãî ïðîâåðêà óñëîâèé ïðåäñòàâëÿåò ñóùåñòâåííûå òðóä-

íîñòè äàæå äëÿ ñêàëÿðíîãî óðàâíåíèÿ (2.6).

4. Èç ðåçóëüòàòîâ ðàáîò [6℄ è [7℄ âûòåêàþò ñëåäóþùèå óñëîâèÿ àñèìï-

òîòè÷åñêîé óñòîé÷èâîñòè íóëåâîãî ðåøåíèÿ óðàâíåíèÿ (2.6):

a0 > 0, |c| < 1

2
, a0 >

|b|
(1− 2|c|) .

Ïî ñðàâíåíèþ ñ ýòèìè óñëîâèÿìè, óñëîâèÿ (2.7) ÿâëÿþòñÿ ìåíåå æåñòêèìè.

Ïóñòü òåïåðü n = 2. �àññìîòðèì îäíó èç ñèñòåì âèäà (2.1):





d

dt
y1(t) = −a01y1(t) + b12y2(t− τ12), t > 0,

d

dt
y2(t) = −a02y2(t) + c21

d

dt
y1(t− ξ21), t > 0.

(2.9)

Ñëåäñòâèå 3. Ïðåäïîëîæèì, ÷òî âûïîëíåíû óñëîâèÿ

a01 > 0, a02 > |b12||c21|. (2.10)

Òîãäà íóëåâîå ðåøåíèå ñèñòåìû (2.9) ýêñïîíåíöèàëüíî óñòîé÷èâî.
Äîêàçàòåëüñòâî. Ïðîâåðèì âûïîëíåíèå óñëîâèé òåîðåìû 1. Íåðàâåí-

ñòâà (2.3)�(2.5) ïðèìóò âèä:





a01 > 0, a02 > 0,

l11 > 0, l12 > 0, l21 − (l12 + l22)|c21|2 > 0, l22 > 0,

(l11 + l21)(a
0
1)

2 > 0, (l12 + l22)(a
0
2)

2 − (l11 + l21)|b12|2 > 0.

Ïðè |b12| > 0 ýòè íåðàâåíñòâà ýêâèâàëåíòíû ñëåäóþùèì:





a01 > 0, a02 > 0, l11 > 0, l12 > 0, l21 > 0, l22 > 0,

(a02)
2

|b12|2
>

(l11 + l21)

(l12 + l22)
>

l21

(l12 + l22)
> |c21|2.
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Òåì ñàìûì, ïðè âûïîëíåíèè óñëîâèé (2.10) ñóùåñòâóþò âåëè÷èíû l11, l12,

l21, l22 > 0, äëÿ êîòîðûõ âûïîëíåíû íåðàâåíñòâà (2.3)�(2.5). Òîãäà ïî òåî-

ðåìå 1 íóëåâîå ðåøåíèå ñèñòåìû (2.9) ýêñïîíåíöèàëüíî óñòîé÷èâî.
Ñëåäñòâèå äîêàçàíî.

Òåïåðü ïðèâåäåì ðåçóëüòàò îá îöåíêàõ ðåøåíèé íà÷àëüíîé çàäà÷è (2.2).

Ââåäåì îáîçíà÷åíèÿ. Ïðåäïîëîæèì, ÷òî âûïîëíåíû óñëîâèÿ òåîðåìû 1.

Âûáåðåì âåëè÷èíû ε
ij
1 , ε

ij
2 > 0, i, j = 1, . . . , n, òàê, ÷òîáû âûïîëíÿëèñü

íåðàâåíñòâà

ljr −
(

n∑

i=1

lij

)(
n∑

s=1

|c̃js|
)
|c̃jr| > 0, j, r = 1, . . . , n, (2.11)

σq =

n∑

j=1

[
ljq(a

0
q)

2 −
(

n∑

i=1

lij

)(
n∑

s=1

|ãjs|
)
|ãjq|

×


1 +

n∑

r=1

(
n∑

i=1

lij

)
|c̃jr|2

(
ljr −

(
n∑

i=1

lij

)(
n∑

s=1

|c̃js|
)
|c̃jr|

)




]
> 0, q = 1, . . . , n, (2.12)

ãäå

|ãjr| = |ajr|+ |bjr|eε
jr
1
τjr/2, j, r = 1, . . . , n, (2.13)

|c̃jr| = |cjr|eε
jr
2
ξjr/2, j, r = 1, . . . , n. (2.14)

�àññìîòðèì �óíêöèîíàë Ëÿïóíîâà � Êðàñîâñêîãî [21℄

V (t, y) = V (t, y1, . . . , yn) =

n∑

i=1

hiy
2
i (t) +

n∑

i,j=1

t∫

t−τij

kije
−εij

1
(t−s)y2j (s)ds

+
n∑

i,j=1

t∫

t−ξij

lije
−εij

2
(t−s)

(
d

ds
yj(s)

)2

ds, (2.15)

ãäå

hj =

n∑

i=1

lija
0
j > 0, j = 1, . . . , n, (2.16)

kjq =

(
n∑

i=1

lij

)(
n∑

s=1

|ãjs|
)

1 +

n∑

r=1

(
n∑

i=1

lij

)
|c̃jr|2

(
ljr −

(
n∑

i=1

lij

)(
n∑

s=1

|c̃js|
)
|c̃jr|

)



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×|bjq|eε
jq
1
τjq/2 ≥ 0, j, q = 1, . . . , n, (2.17)

lij > 0, i, j = 1, . . . , n, îïðåäåëåíû â òåîðåìå 1.

Ñïðàâåäëèâà ñëåäóþùàÿ òåîðåìà.

Òåîðåìà 2. Ïðåäïîëîæèì, ÷òî âûïîëíåíû óñëîâèÿ òåîðåìû 1. Òîãäà

äëÿ ðåøåíèÿ íà÷àëüíîé çàäà÷è (2.2) ñïðàâåäëèâû îöåíêè

|yi(t)| ≤
√

V (0, ϕ)

hi

e−γt/2, i = 1, . . . , n, t > 0, (2.18)

ãäå

γ = min
i,j=1,...,n

{
σi

hi

, ε
ij
1 , ε

ij
2

}
> 0, (2.19)

�óíêöèîíàë V (0, ϕ) îïðåäåëåí â (2.15), âåëè÷èíû hi îïðåäåëåíû â (2.16),
âåëè÷èíû σi, ε

ij
1 è ε

ij
2 � â (2.11)�(2.14).

Òåîðåìà 2 áóäåò äîêàçàíà â ñëåäóþùåì ïàðàãðà�å.

Ñåé÷àñ ïðèâåäåì ñëåäñòâèÿ èç ýòîé òåîðåìû äëÿ n = 1 è n = 2.
�àññìîòðèì íà÷àëüíóþ çàäà÷ó äëÿ óðàâíåíèÿ (2.6):






d

dt
y(t) = −a0y(t) + by(t− τ) + c

d

dt
y(t− ξ), t > 0,

y(t) = ϕ(t), t ∈ [−max{τ, ξ}, 0],

y(+0) = ϕ(0),

(2.20)

ãäå ϕ(t) ∈ C1([−max{τ, ξ}, 0]) � çàäàííàÿ �óíêöèÿ, óäîâëåòâîðÿþùàÿ

óñëîâèþ

d

dt
ϕ(0) = −a0ϕ(0) + bϕ(−τ) + c

d

dt
ϕ(−ξ).

Ñëåäñòâèå 4. Ïðåäïîëîæèì, ÷òî âûïîëíåíû óñëîâèÿ (2.7). Òîãäà äëÿ
ðåøåíèÿ íà÷àëüíîé çàäà÷è (2.20) èìååò ìåñòî îöåíêà

|y(t)| ≤
√

V (0, ϕ)

h
e−γt/2, t > 0,

ãäå

V (0, ϕ) = hϕ2(0) +

0∫

−τ

keε1sϕ2(s)ds+

0∫

−ξ

leε2s
(

d

ds
ϕ(s)

)2

ds,

l = 1, h = a0, k =
|b|2eε1τ

(1− |c|2eε2ξ) ,
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âåëè÷èíû ε1, ε2 > 0 îïðåäåëÿþòñÿ èç íåðàâåíñòâ

1− |c|2eε2ξ > 0, (a0)
2 − |b|2eε1τ

(1− |c|2eε2ξ) > 0,

âåëè÷èíà γ îïðåäåëÿåòñÿ ïî �îðìóëå

γ = min

{
1

a0

(
(a0)

2 − |b|2eε1τ
(1− |c|2eε2ξ)

)
, ε1, ε2

}
> 0.

Òåïåðü ðàññìîòðèì íà÷àëüíóþ çàäà÷ó äëÿ ñèñòåìû (2.9):





d

dt
y1(t) = −a01y1(t) + b12y2(t− τ12), t > 0,

d

dt
y2(t) = −a02y2(t) + c21

d

dt
y1(t− ξ21), t > 0,

y1(t) = ϕ1(t), y2(t) = ϕ2(t), t ∈ [−max{τ12, ξ21}, 0],

y1(+0) = ϕ1(0), y2(+0) = ϕ2(0),

(2.21)

ãäå ϕ1(t), ϕ2(t) ∈ C1([−max{τ12, ξ21}, 0]) � çàäàííûå �óíêöèè, óäîâëåòâî-

ðÿþùèå ñèñòåìå (2.9) ïðè t = 0:





d

dt
ϕ1(0) = −a01ϕ1(0) + b12ϕ2(−τ12),

d

dt
ϕ2(0) = −a02ϕ2(0) + c21

d

dt
ϕ1(−ξ21).

Ñëåäñòâèå 5. Ïðåäïîëîæèì, ÷òî âûïîëíåíû óñëîâèÿ (2.10). Òîãäà äëÿ
ðåøåíèÿ íà÷àëüíîé çàäà÷è (2.21) èìåþò ìåñòî îöåíêè

|yi(t)| ≤
√

V (0, ϕ)

hi
e−γt/2, i = 1, 2, t > 0,

ãäå

V (0, ϕ) = V (0, ϕ1, ϕ2) = h1ϕ
2
1(0) + h2ϕ

2
2(0)

+

0∫

−τ12

k12e
ε1sϕ2

2(s)ds+

0∫

−ξ21

l21e
ε2s

(
d

ds
ϕ1(s)

)2

ds,

h1 = (l11 + l21)a
0
1, h2 = (l12 + l22)a

0
2, k12 = (l11 + l21)|b12|2eε1τ12 ,
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âåëè÷èíû l11, l12, l21, l22 > 0 è ε1, ε2 > 0 îïðåäåëÿþòñÿ èç íåðàâåíñòâ

(a02)
2

|b12|2
e−ε1τ12 >

(l11 + l21)

(l12 + l22)
>

l21

(l12 + l22)
> |c21|2eε2ξ21 ,

âåëè÷èíà γ îïðåäåëÿåòñÿ ïî �îðìóëå

γ = min

{
a01, a

0
2

(
1− (l11 + l21)

(l12 + l22)

|b12|2
(a02)

2
eε1τ12

)
, ε1, ε2

}
> 0.

Äîêàçàòåëüñòâî ñëåäñòâèé 4 è 5 âûòåêàåò èç òåîðåìû 2.

Çàìå÷àíèå 3. Êàê áûëî îòìå÷åíî â íà÷àëå ïàðàãðà�à, óñëîâèå

det(A0 −A−B) 6= 0

ãàðàíòèðóåò ñóùåñòâîâàíèå åäèíñòâåííîãî ñòàöèîíàðíîãî ðåøåíèÿ ñèñòå-

ìû (1.1) â ëèíåéíîì ñëó÷àå. Íåòðóäíî çàìåòèòü, ÷òî ïðè âûïîëíåíèè óñëî-

âèé òåîðåìû 1 ýòî íåðàâåíñòâî âûïîëíåíî àâòîìàòè÷åñêè. Äåéñòâèòåëü-

íî, ïóñòü âåëè÷èíû a0i , aij , bij , cij , i, j = 1, . . . , n, óäîâëåòâîðÿþò óñëîâè-

ÿì (2.3)�(2.5). �àññìîòðèì ñèñòåìó âèäà (2.1), â êîòîðîé cij = 0, τij = 0,
i, j = 1, . . . , n:

d

dt
yi(t) = −a0i yi(t) +

n∑

j=1

aijyj(t) +

n∑

j=1

bijyj(t), i = 1, . . . , n, t > 0,

èëè

d

dt
y(t) = (−A0 + A+B)y(t), t > 0.

Ïî òåîðåìå 1 íóëåâîå ðåøåíèå ýòîé ñèñòåìû ýêñïîíåíöèàëüíî óñòîé÷èâî.

Ýòî îçíà÷àåò, ÷òî âñå ñîáñòâåííûå çíà÷åíèÿ ìàòðèöû (−A0+A+B) èìåþò
îòðèöàòåëüíóþ âåùåñòâåííóþ ÷àñòü, à ñëåäîâàòåëüíî, det(A0−A−B) 6= 0,
÷òî è òðåáîâàëîñü äîêàçàòü.

Íàêîíåö, ïåðåéäåì ê äîêàçàòåëüñòâó îñíîâíûõ ðåçóëüòàòîâ íàñòîÿùåé

ñòàòüè � òåîðåìû 1 è òåîðåìû 2.

� 3. Äîêàçàòåëüñòâî òåîðåì 1 è 2

Ïîñêîëüêó òåîðåìà 1 ñëåäóåò èç òåîðåìû 2, òî äîñòàòî÷íî äîêàçàòü

òîëüêî âòîðóþ òåîðåìó.

Ïóñòü y(t) = (y1(t), . . . , yn(t)) � ðåøåíèå íà÷àëüíîé çàäà÷è (2.2). �àñ-

ñìîòðèì �óíêöèîíàë Ëÿïóíîâà � Êðàñîâñêîãî (2.15) íà ðåøåíèè y(t). Ïî-
ñ÷èòàåì ïðîèçâîäíóþ:

d

dt
V (t, y) =

n∑

i=1

2hiyi(t)
d

dt
yi(t) +

n∑

i,j=1

kijy
2
j (t)
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−
n∑

i,j=1

kije
−εij

1
τijy2j (t− τij)−

n∑

i,j=1

ε
ij
1

t∫

t−τij

kije
−εij

1
(t−s)y2j (s)ds

+
n∑

i,j=1

lij

(
d

dt
yj(t)

)2

−
n∑

i,j=1

lije
−εij

2
ξij

(
d

dt
yj(t− ξij)

)2

−
n∑

i,j=1

ε
ij
2

t∫

t−ξij

lije
−εij

2
(t−s)

(
d

ds
yj(s)

)2

ds.

Ââåäåì îáîçíà÷åíèÿ

Jquad =

n∑

i=1

2hiyi(t)
d

dt
yi(t) +

n∑

i,j=1

kijy
2
j (t)−

n∑

i,j=1

kije
−εij

1
τijy2j (t− τij)

+

n∑

i,j=1

lij

(
d

dt
yj(t)

)2

−
n∑

i,j=1

lije
−εij

2
ξij

(
d

dt
yj(t− ξij)

)2

, (3.1)

Jint = −
n∑

i,j=1

ε
ij
1

t∫

t−τij

kije
−εij

1
(t−s)y2j (s)ds

−
n∑

i,j=1

ε
ij
2

t∫

t−ξij

lije
−εij

2
(t−s)

(
d

ds
yj(s)

)2

ds. (3.2)

Òîãäà

d

dt
V (t, y) = Jquad + Jint. (3.3)

Ïðåîáðàçóåì Jquad èç (3.1). Ïîñêîëüêó y(t) � ðåøåíèå ñèñòåìû (2.1), òî

Jquad =
n∑

i=1

2hiyi(t)

(
− a0i yi(t) +

n∑

j=1

aijyj(t)

+
n∑

j=1

bijyj(t− τij) +
n∑

j=1

cij
d

dt
yj(t− ξij)

)

+
n∑

i,j=1

kijy
2
j (t)−

n∑

i,j=1

kije
−εij

1
τijy2j (t− τij)−

n∑

i,j=1

lije
−εij

2
ξij

(
d

dt
yj(t− ξij)

)2

+
n∑

i,j=1

lij

(
−a0jyj(t) +

n∑

q=1

ajqyq(t) +
n∑

q=1

bjqyq(t− τjq) +
n∑

q=1

cjq
d

dt
yq(t− ξjq)

)
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×
(
−a0jyj(t) +

n∑

r=1

ajryr(t) +
n∑

r=1

bjryr(t− τjr) +
n∑

r=1

cjr
d

dt
yr(t− ξjr)

)
.

�àñêðûâàÿ ñêîáêè, ïåðåîáîçíà÷àÿ èíäåêñû ñóììèðîâàíèÿ è ïðèâîäÿ ïî-

äîáíûå ñëàãàåìûå, ïåðåïèøåì ýòî âûðàæåíèå â ñëåäóþùåì âèäå:

Jquad = −
n∑

j=1

(
2hja

0
j −

n∑

i=1

kij −
n∑

i=1

lij(a
0
j )

2

)
y2j (t)

+
n∑

j,q=1

2

(
hj −

n∑

i=1

lija
0
j

)
ajqyj(t)yq(t)

+

n∑

j,q=1

2

(
hj −

n∑

i=1

lija
0
j

)
bjqyj(t)yq(t− τjq)

+

n∑

j,q=1

2

(
hj −

n∑

i=1

lija
0
j

)
cjqyj(t)

(
d

dt
yq(t− ξjq)

)

−
n∑

i,j=1

kije
−εij

1
τijy2j (t− τij)−

n∑

i,j=1

lije
−εij

2
ξij

(
d

dt
yj(t− ξij)

)2

+
n∑

i,j,q,r=1

lijajqajryq(t)yr(t) +
n∑

i,j,q,r=1

lijbjqbjryq(t− τjq)yr(t− τjr)

+

n∑

i,j,q,r=1

2lijajqbjryq(t)yr(t− τjr) +

n∑

i,j,q,r=1

2lijajqcjryq(t)

(
d

dt
yr(t− ξjr)

)

+

n∑

i,j,q,r=1

2lijbjqcjryq(t− τjq)

(
d

dt
yr(t− ξjr)

)

+

n∑

i,j,q,r=1

lijcjqcjr

(
d

dt
yq(t− ξjq)

)(
d

dt
yr(t− ξjr)

)
.

Ó÷èòûâàÿ îáîçíà÷åíèÿ (2.16) äëÿ âåëè÷èí hj, j = 1, . . . , n, ïîëó÷èì

Jquad = −
n∑

i,j=1

(
lij(a

0
j )

2 − kij
)
y2j (t)−

n∑

i,j=1

kije
−εij

1
τijy2j (t− τij)

−
n∑

i,j=1

lije
−εij

2
ξij

(
d

dt
yj(t− ξij)

)2

+
6∑

m=1

Jm, (3.4)
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ãäå

J1 =
n∑

i,j,q,r=1

lijajqajryq(t)yr(t),

J2 =
n∑

i,j,q,r=1

lijbjqbjryq(t− τjq)yr(t− τjr),

J3 =
n∑

i,j,q,r=1

2lijajqbjryq(t)yr(t− τjr),

J4 =

n∑

i,j,q,r=1

2lijajqcjryq(t)

(
d

dt
yr(t− ξjr)

)
,

J5 =

n∑

i,j,q,r=1

2lijbjqcjryq(t− τjq)

(
d

dt
yr(t− ξjr)

)
,

J6 =
n∑

i,j,q,r=1

lijcjqcjr

(
d

dt
yq(t− ξjq)

)(
d

dt
yr(t− ξjr)

)
.

Îöåíèì êàæäóþ ñóììó Jm, m = 1, . . . , 6, ïî îòäåëüíîñòè. Íèæå áóäóò
èñïîëüçîâàòüñÿ íåðàâåíñòâà âèäà

2αβ ≤ γα2 +
β2

γ
, α, β ∈ R, γ > 0.

Îöåíèì J1:

J1 ≤
n∑

i,j,q,r=1

1

2
lij|ajq||ajr|

(
y2q (t) + y2r(t)

)
=

n∑

i,j,q,r=1

lij |ajr||ajq|y2q(t). (3.5)

Îöåíèì J2:

J2 ≤
n∑

i,j,q,r=1

1

2
lij|bjq||bjr|

(
eε

jr
1
τjr/2

eε
jq
1
τjq/2

y2q(t− τjq) +
eε

jq
1
τjq/2

eε
jr
1
τjr/2

y2r(t− τjr)

)

=

n∑

i,j,q,r=1

lij|bjr||bjq|
eε

jr
1
τjr/2

eε
jq
1
τjq/2

y2q (t− τjq). (3.6)

Îöåíèì J3:

J3 ≤
n∑

i,j,q,r=1

lij|ajq||bjr|
(
eε

jr
1
τjr/2y2q (t) + e−εjr

1
τjr/2y2r(t− τjr)

)
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=
n∑

i,j,q,r=1

lij|ajq||bjr|eε
jr
1
τjr/2y2q (t) +

n∑

i,j,q,r=1

lij |ajr||bjq|e−εjq
1
τjq/2y2q(t− τjq). (3.7)

Îöåíèì J4:

J4 ≤
n∑

i,j,q,r=1

lij |ajq||cjr|
(
eε

jr
2
ξjr/2γjry

2
q (t) +

e−εjr
2
ξjr/2

γjr

(
d

dt
yr(t− ξjr)

)2
)

=
n∑

i,j,q,r=1

lij |ajq||cjr|eε
jr
2
ξjr/2γjry

2
q(t)

+
n∑

i,j,q,r=1

lij|ajq||cjr|
e−εjr

2
ξjr/2

γjr

(
d

dt
yr(t− ξjr)

)2

. (3.8)

Îöåíèì J5:

J5 ≤
n∑

i,j,q,r=1

lij |bjq||cjr|

×
(
eε

jr
2
ξjr/2γjr

eε
jq
1
τjq/2

y2q (t− τjq) +
eε

jq
1
τjq/2

eε
jr
2
ξjr/2γjr

(
d

dt
yr(t− ξjr)

)2
)

=
n∑

i,j,q,r=1

lij|bjq||cjr|
eε

jr
2
ξjr/2γjr

eε
jq
1
τjq/2

y2q(t− τjq)

+
n∑

i,j,q,r=1

lij |bjq||cjr|
eε

jq
1
τjq/2

eε
jr
2
ξjr/2γjr

(
d

dt
yr(t− ξjr)

)2

. (3.9)

Îöåíèì J6:

J6 ≤
n∑

i,j,q,r=1

1

2
lij |cjq||cjr|

×
(
eε

jr
2
ξjr/2

eε
jq
2
ξjq/2

(
d

dt
yq(t− ξjq)

)2

+
eε

jq
2
ξjq/2

eε
jr
2
ξjr/2

(
d

dt
yr(t− ξjr)

)2
)

=

n∑

i,j,q,r=1

lij |cjq||cjr|
eε

jq
2
ξjq/2

eε
jr
2
ξjr/2

(
d

dt
yr(t− ξjr)

)2

. (3.10)

Âåëè÷èíû γjr, j, r = 1, . . . , n, ó÷àñòâóþùèå â îöåíêàõ (3.8), (3.9), áóäóò
îïðåäåëåíû íèæå.
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Ó÷èòûâàÿ íåðàâåíñòâà (3.5)�(3.10), ïåðåîáîçíà÷àÿ èíäåêñû ñóììèðîâà-

íèÿ è ïðèâîäÿ ïîäîáíûå ñëàãàåìûå, èç �îðìóëû (3.4) ïîëó÷èì îöåíêó

Jquad ≤ −
n∑

j,q=1

(
ljq(a

0
q)

2 − kjq
)
y2q (t)

−
n∑

j,q=1

kjqe
−εjq

1
τjqy2q (t− τjq)−

n∑

j,r=1

ljre
−εjr

2
ξjr

(
d

dt
yr(t− ξjr)

)2

+
n∑

i,j,q,r=1

lij

(
|ajr|+ |bjr|eε

jr
1
τjr/2 + |cjr|eε

jr
2
ξjr/2γjr

)
|ajq|y2q(t)

+
n∑

i,j,q,r=1

lij

(
|ajr|+ |bjr|eε

jr
1
τjr/2 + |cjr|eε

jr
2
ξjr/2γjr

)
|bjq|e−εjq

1
τjq/2y2q (t− τjq)

+
n∑

i,j,q,r=1

lij

(
|ajq|+ |bjq|eε

jq
1
τjq/2

γjr
+ |cjq|eε

jq
2
ξjq/2

)

×|cjr|e−εjr
2
ξjr/2

(
d

dt
yr(t− ξjr)

)2

.

Â ñèëó îáîçíà÷åíèé (2.13), (2.14) ýòî íåðàâåíñòâî ìîæíî ïåðåïèñàòü â âèäå

Jquad ≤ −
n∑

j,q=1

[
ljq(a

0
q)

2 − kjq −
(

n∑

i=1

lij

)
n∑

r=1

(|ãjr|+ |c̃jr|γjr) |ajq|
]
y2q (t)

−
n∑

j,q=1

[
kjq −

(
n∑

i=1

lij

)
n∑

r=1

(|ãjr|+ |c̃jr|γjr) |bjq|eε
jq
1
τjq/2

]
e−εjq

1
τjqy2q (t− τjq)

−
n∑

j,r=1

[
ljr −

(
n∑

i=1

lij

)(
n∑

q=1

|c̃jq|
)
|c̃jr| −

1

γjr

(
n∑

i=1

lij

)(
n∑

q=1

|ãjq|
)
|c̃jr|

]

×e−εjr
2
ξjr

(
d

dt
yr(t− ξjr)

)2

.

Ïîëàãàÿ

γjr =

(
n∑

i=1

lij

)(
n∑

s=1

|ãjs|
)
|c̃jr|

(
ljr −

(
n∑

i=1

lij

)(
n∑

s=1

|c̃js|
)
|c̃jr|

) , j, r = 1, . . . , n,
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ïîëó÷èì

Jquad ≤ −
n∑

j,q=1

[
ljq(a

0
q)

2 − kjq −
(

n∑

i=1

lij

)(
n∑

s=1

|ãjs|
)

×


1 +

n∑

r=1

(
n∑

i=1

lij

)
|c̃jr|2

(
ljr −

(
n∑

i=1

lij

)(
n∑

s=1

|c̃js|
)
|c̃jr|

)


 |ajq|

]
y2q(t)

−
n∑

j,q=1

[
kjq −

(
n∑

i=1

lij

)(
n∑

s=1

|ãjs|
)

×


1 +

n∑

r=1

(
n∑

i=1

lij

)
|c̃jr|2

(
ljr −

(
n∑

i=1

lij

)(
n∑

s=1

|c̃js|
)
|c̃jr|

)


 |bjq|eε

jq
1
τjq/2

]
e−εjq

1
τjqy2q (t− τjq).

Â ñèëó îáîçíà÷åíèé (2.17) äëÿ âåëè÷èí kjq, j, q = 1, . . . , n, è îáîçíà÷å-

íèé (2.12) äëÿ âåëè÷èí σq, q = 1, . . . , n, ýòî íåðàâåíñòâî ïåðåïèñûâàåòñÿ â

îêîí÷àòåëüíîì âèäå

Jquad ≤ −
n∑

q=1

σqy
2
q(t). (3.11)

Íàêîíåö, ó÷èòûâàÿ ïðåäñòàâëåíèå (3.3) äëÿ ïðîèçâîäíîé �óíêöèîíàëà

Ëÿïóíîâà � Êðàñîâñêîãî, �îðìóëó (3.2) è îöåíêó (3.11), ïîëó÷èì íåðàâåí-

ñòâî

d

dt
V (t, y) ≤ −

n∑

q=1

(
σq

hq

)
hqy

2
q (t)−

n∑

i,j=1

ε
ij
1

t∫

t−τij

kije
−εij

1
(t−s)y2j (s)ds

−
n∑

i,j=1

ε
ij
2

t∫

t−ξij

lije
−εij

2
(t−s)

(
d

ds
yj(s)

)2

ds.

Èç ýòîãî íåðàâåíñòâà, â ñèëó îïðåäåëåíèÿ (2.19) âåëè÷èíû γ è îïðåäåëå-

íèÿ (2.15) �óíêöèîíàëà V (t, y) ñëåäóåò îöåíêà

d

dt
V (t, y) ≤ −γV (t, y), t > 0.

Îòñþäà

hiy
2
i (t) ≤ V (t, y) ≤ V (0, ϕ)e−γt, i = 1, . . . , n, t > 0,
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ãäå ϕ(t) = (ϕ1(t), . . . , ϕn(t)) � íà÷àëüíàÿ âåêòîð-�óíêöèÿ, îïðåäåëåííàÿ

ïðè ïîñòàíîâêå çàäà÷è (2.2).

Òåîðåìà 2 äîêàçàíà.

� 4. �åçóëüòàòû äëÿ íåëèíåéíîé ìîäåëè ñ

ïåðåìåííûìè çàïàçäûâàíèÿìè

Â ýòîì ïàðàãðà�å ìû ðàññìîòðèì ñèñòåìó (1.1). Ïðåäïîëîæèì, ÷òî

ó äàííîé ñèñòåìû ñóùåñòâóåò åäèíñòâåííîå ñòàöèîíàðíîå ðåøåíèå x∗ =
(x∗

1, . . . , x
∗
n), ò. å. íåëèíåéíàÿ ñèñòåìà àëãåáðàè÷åñêèõ óðàâíåíèé

0 = −a0ixi +

n∑

j=1

aijfj(xj) +

n∑

j=1

bijgj(xj) + ui, i = 1, . . . , n, (4.1)

îäíîçíà÷íî ðàçðåøèìà. Ïî àíàëîãèè ñ ëèíåéíûì ñëó÷àåì â êîíöå ïàðà-

ãðà�à áóäóò óêàçàíû óñëîâèÿ íà êîý��èöèåíòû a0i , aij , bij , i, j = 1, . . . , n,
è íåëèíåéíûå �óíêöèè fj(x), gj(x), j = 1, . . . , n, ïðè êîòîðûõ âûïîëíÿåòñÿ
ýòî ïðåäïîëîæåíèå.

Çàìåíà

yi(t) = xi(t)− x∗
i , i = 1, . . . , n,

ïðèâîäèò ñèñòåìó ê âèäó

d

dt
yi(t) = −a0i yi(t) +

n∑

j=1

aij

[
fj(yj(t) + x∗

j )− fj(x
∗
j )
]

+

n∑

j=1

bij

[
gj(yj(t− τij(t)) + x∗

j )− gj(x
∗
j )
]

+
n∑

j=1

cij
d

dt
yj(t− ξij(t)), i = 1, . . . , n, t > 0, (4.2)

ãäå �óíêöèè fj(x), gj(x), τij(t), ξij(t), i, j = 1, . . . , n, óäîâëåòâîðÿþò óñëî-
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âèÿì (1.2)�(1.5). Íà÷àëüíàÿ çàäà÷à äëÿ ýòîé ñèñòåìû áóäåò èìåòü âèä






d

dt
yi(t) = −a0i yi(t) +

n∑

j=1

aij

[
fj(yj(t) + x∗

j )− fj(x
∗
j )
]

+

n∑

j=1

bij

[
gj(yj(t− τij(t)) + x∗

j )− gj(x
∗
j )
]

+
n∑

j=1

cij
d

dt
yj(t− ξij(t)), i = 1, . . . , n, t > 0,

yi(t) = ϕi(t), i = 1, . . . , n, t ∈ [−Tmax, 0],

yi(+0) = ϕi(0), i = 1, . . . , n,

(4.3)

ãäå

Tmax = max
i,j=1,...,n

{τij , ξij} ,

âåëè÷èíû τij , ξij, i, j = 1, . . . , n, îïðåäåëåíû â (1.2), (1.3), à çàäàííûå �óíê-

öèè ϕi(t) ∈ C1([−Tmax, 0]), i = 1, . . . , n, óäîâëåòâîðÿþò ñèñòåìå (4.2) ïðè

t = 0:
d

dt
ϕi(0) = −a0iϕi(0) +

n∑

j=1

aij

[
fj(ϕj(0) + x∗

j )− fj(x
∗
j )
]

+

n∑

j=1

bij

[
gj(ϕj(−τij(0)) + x∗

j )− gj(x
∗
j )
]

+
n∑

j=1

cij
d

dt
ϕj(−ξij(0)), i = 1, . . . , n.

Â ñëó÷àå, êîãäà min
i,j=1,...,n

min
t≥0

ξij(t) > 0, ïîñëåäíåå óñëîâèå ãàðàíòèðóåò íåïðå-

ðûâíóþ äè��åðåíöèðóåìîñòü ðåøåíèÿ ïðè t > 0: yi(t) ∈ C1([0,∞)), i =
1, . . . , n. Áóäåì ïðåäïîëàãàòü, ÷òî äàííîå óñëîâèå âûïîëíÿåòñÿ.

Ïî àíàëîãèè ñ òåîðåìàìè 1 è 2 ñ�îðìóëèðóåì ðåçóëüòàòû îá ýêñïî-

íåíöèàëüíîé óñòîé÷èâîñòè íóëåâîãî ðåøåíèÿ ñèñòåìû (4.2) è îá îöåíêàõ

ðåøåíèé íà÷àëüíîé çàäà÷è (4.3).

Òåîðåìà 3. Ïðåäïîëîæèì, ÷òî

a0i > 0, i = 1, . . . , n,
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è ñóùåñòâóþò âåëè÷èíû lij > 0, i, j = 1, . . . , n, òàêèå, ÷òî âûïîëíåíû íåðà-

âåíñòâà

ljr −
(

n∑

i=1

lij

)


n∑

s=1

|cjs|
(
1− ξ̄js

) 1

2


 |cjr|
(
1− ξ̄jr

) 1

2

> 0, j, r = 1, . . . , n,

n∑

j=1

[
ljq(a

0
q)

2 −
(

n∑

i=1

lij

)
n∑

s=1

(
|ajs|µs +

|bjs|νs
(1− τ̄js)

1

2

)(
|ajq|µq +

|bjq|νq
(1− τ̄jq)

1

2

)

×



1 +

n∑

r=1

(
n∑

i=1

lij

)
|cjr|2

(1−ξ̄jr)(
ljr −

(
n∑

i=1

lij

)(
n∑

s=1

|cjs|

(1−ξ̄js)
1

2

)
|cjr |

(1−ξ̄jr)
1

2

)




]
> 0, q = 1, . . . , n,

ãäå µj , νj , τ̄ij , ξ̄ij, i, j = 1, . . . , n, îïðåäåëåíû â (1.2)�(1.5). Òîãäà íóëåâîå
ðåøåíèå ñèñòåìû (4.2) ýêñïîíåíöèàëüíî óñòîé÷èâî.

Ââåäåì îáîçíà÷åíèÿ. Ïðåäïîëîæèì, ÷òî âûïîëíåíû óñëîâèÿ òåîðåìû 3.

Âûáåðåì âåëè÷èíû ε
ij
1 , ε

ij
2 > 0, i, j = 1, . . . , n, òàê, ÷òîáû âûïîëíÿëèñü

íåðàâåíñòâà

ljr −
(

n∑

i=1

lij

)(
n∑

s=1

|c̃js|
)
|c̃jr| > 0, j, r = 1, . . . , n, (4.4)

σq =

n∑

j=1

[
ljq(a

0
q)

2 −
(

n∑

i=1

lij

)(
n∑

s=1

|ãjs|
)
|ãjq|

×


1 +

n∑

r=1

(
n∑

i=1

lij

)
|c̃jr|2

(
ljr −

(
n∑

i=1

lij

)(
n∑

s=1

|c̃js|
)
|c̃jr|

)




]
> 0, q = 1, . . . , n, (4.5)

ãäå

|ãjr| = |ajr|µr +
|bjr|νr

(1− τ̄jr)
1

2

eε
jr
1
τjr/2, j, r = 1, . . . , n, (4.6)

|c̃jr| =
|cjr|

(
1− ξ̄jr

) 1

2

eε
jr
2
ξjr/2, j, r = 1, . . . , n. (4.7)

�àññìîòðèì �óíêöèîíàë Ëÿïóíîâà � Êðàñîâñêîãî âèäà (2.15)

V (t, y) = V (t, y1, . . . , yn) =
n∑

i=1

hiy
2
i (t) +

n∑

i,j=1

t∫

t−τij(t)

kije
−εij

1
(t−s)y2j (s)ds
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+
n∑

i,j=1

t∫

t−ξij(t)

lije
−εij

2
(t−s)

(
d

ds
yj(s)

)2

ds, (4.8)

ãäå

hj =
n∑

i=1

lija
0
j > 0, j = 1, . . . , n, (4.9)

kjq =

(
n∑

i=1

lij

)(
n∑

s=1

|ãjs|
)

1 +

n∑

r=1

(
n∑

i=1

lij

)
|c̃jr|2

(
ljr −

(
n∑

i=1

lij

)(
n∑

s=1

|c̃js|
)
|c̃jr|

)




× |bjq|νq
(1− τ̄jq)

1

2

eε
jq
1
τjq/2 ≥ 0, j, q = 1, . . . , n,

lij > 0, i, j = 1, . . . , n, îïðåäåëåíû â òåîðåìå 3.

Ñïðàâåäëèâà ñëåäóþùàÿ òåîðåìà.

Òåîðåìà 4. Ïðåäïîëîæèì, ÷òî âûïîëíåíû óñëîâèÿ òåîðåìû 3. Òîãäà

äëÿ ðåøåíèÿ íà÷àëüíîé çàäà÷è (4.3) ñïðàâåäëèâû îöåíêè

|yi(t)| ≤
√

V (0, ϕ)

hi
e−γt/2, i = 1, . . . , n, t > 0,

ãäå

γ = min
i,j=1,...,n

{
σi

hi
, ε

ij
1 , ε

ij
2

}
> 0,

�óíêöèîíàë V (0, ϕ) îïðåäåëåí â (4.8), âåëè÷èíû hi îïðåäåëåíû â (4.9),
âåëè÷èíû σi, ε

ij
1 è ε

ij
2 � â (4.4)�(4.7).

Òåîðåìû 3 è 4 äîêàçûâàþòñÿ ïî àíàëîãèè ñ äîêàçàòåëüñòâîì òåîðåì 1

è 2.

Â çàêëþ÷åíèè ïàðàãðà�à ðàññìîòðèì âîïðîñ î ñóùåñòâîâàíèè è åäèí-

ñòâåííîñòè ñòàöèîíàðíîãî ðåøåíèÿ ñèñòåìû (1.1), ò. å. ðåøåíèÿ íåëèíåé-

íîé ñèñòåìû àëãåáðàè÷åñêèõ óðàâíåíèé (4.1). Èìååò ìåñòî ñëåäóþùåå

óòâåðæäåíèå.

Òåîðåìà 5. Ïóñòü âåëè÷èíû a0i , aij, bij , cij , µj, νj , τ̄ij , ξ̄ij, i, j = 1, . . . , n,
óäîâëåòâîðÿþò óñëîâèÿì òåîðåìû 3. Òîãäà ñóùåñòâóåò åäèíñòâåííîå ñòà-

öèîíàðíîå ðåøåíèå ñèñòåìû (1.1).
Äîêàçàòåëüñòâî. Ïîêàæåì, ÷òî ïðè âûïîëíåíèè óñëîâèé òåîðåìû 3

ñèñòåìà (4.1) îäíîçíà÷íî ðàçðåøèìà. �àññìîòðèì ëèíåéíóþ ñèñòåìó âè-

äà (4.2), â êîòîðîé cij = 0, τij(t) ≡ 0, ξij(t) ≡ ξij, i, j = 1, . . . , n:

d

dt
yi(t) = −a0i yi(t) + ε

n∑

j=1

|aij|µjyj(t)
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+ε

n∑

j=1

|bij |νjyj(t), i = 1, . . . , n, t > 0,

èëè

d

dt
y(t) = (−A0 + εS)y(t), t > 0,

ãäå ε ∈ [0, 1],

S =



s11 . . . s1n
.

.

.

.

.

.

.

.

.

sn1 . . . snn


 , sij = |aij |µj + |bij|νj , i, j = 1, . . . , n.

Ïî òåîðåìå 3 íóëåâîå ðåøåíèå ýòîé ñèñòåìû ýêñïîíåíöèàëüíî óñòîé÷èâî,

ò. å. ïðè ëþáîì ε ∈ [0, 1] âñå ñîáñòâåííûå çíà÷åíèÿ ìàòðèöû (−A0 + εS)
èìåþò îòðèöàòåëüíóþ âåùåñòâåííóþ ÷àñòü. Â ÷àñòíîñòè, îòñþäà ñëåäóåò,

÷òî

det(A0 − εS) 6= 0, ε ∈ [0, 1]. (4.10)

Áóäåì èñêàòü ðåøåíèå ñèñòåìû (4.1) ìåòîäîì ïîñëåäîâàòåëüíûõ ïðè-

áëèæåíèé. Âûáåðåì íà÷àëüíîå ïðèáëèæåíèå x[0] = (x
[0]
1 , . . . , x

[0]
n ) êàê ðåøå-

íèå ñèñòåìû

a0ix
[0]
i −

n∑

j=1

|aij|µjx
[0]
j −

n∑

j=1

|bij|νjx[0]
j = ui, i = 1, . . . , n.

�àññìîòðèì ïîñëåäîâàòåëüíîñòü {x[k]}k∈N, ãäå âåêòîðà x[k] = (x
[k]
1 , . . . , x

[k]
n )

îïðåäåëÿþòñÿ ïî ñëåäóþùåìó ïðàâèëó:

x
[k]
i =

n∑

j=1

(a0i )
−1aijfj(x

[k−1]
j ) +

n∑

j=1

(a0i )
−1bijgj(x

[k−1]
j ) + (a0i )

−1ui, i = 1, . . . , n.

Åñëè ñóùåñòâóåò ïðåäåë

lim
k→∞

x[k] = x∗,

òî x∗
áóäåò ðåøåíèåì ñèñòåìû (4.1).

Äîêàæåì, ÷òî ýòîò ïðåäåë ñóùåñòâóåò. Ïîñêîëüêó èìååò ìåñòî ïðåä-

ñòàâëåíèå

x[k] = x[0] +

k∑

m=1

(
x[m] − x[m−1]

)
,

òî äîñòàòî÷íî äîêàçàòü, ÷òî ðÿä

∞∑
m=1

(
x[m] − x[m−1]

)
ñõîäèòñÿ. Ïî îïðåäåëå-

íèþ

x
[m]
i − x

[m−1]
i =

n∑

j=1

(a0i )
−1aij

(
fj(x

[m−1]
j )− fj(x

[m−2]
j )

)
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+
n∑

j=1

(a0i )
−1bij

(
gj(x

[m−1]
j )− gj(x

[m−2]
j )

)
, i = 1, . . . , n.

Â ñèëó íåðàâåíñòâ (1.4), (1.5) îòñþäà ïîëó÷èì îöåíêó

|x[m]
i − x

[m−1]
i | ≤

n∑

j=1

(a0i )
−1|aij |µj|x[m−1]

j − x
[m−2]
j |

+
n∑

j=1

(a0i )
−1|bij |νj|x[m−1]

j − x
[m−2]
j |, i = 1, . . . , n.

Ââåäåì îáîçíà÷åíèå

v[m] =



v
[m]
1
.

.

.

v
[m]
n


 =



|x[m]

1 − x
[m−1]
1 |

.

.

.

|x[m]
n − x

[m−1]
n |


 .

Òîãäà ýòó îöåíêó ìîæíî ïåðåïèñàòü â âèäå

v[m] ≤ A−1
0 Sv[m−1],

ãäå íåðàâåíñòâî ïîíèìàåòñÿ ïîêîìïîíåíòíî. Îòñþäà íåòðóäíî ïîëó÷èòü

v[m] ≤ (A−1
0 S)m−1v[1].

Òåïåðü äëÿ ñõîäèìîñòè ðÿäà äîñòàòî÷íî äîêàçàòü, ÷òî âñå ñîáñòâåííûå

çíà÷åíèÿ ìàòðèöû A−1
0 S ñîäåðæàòñÿ â åäèíè÷íîì êðóãå {λ ∈ C : |λ| < 1}.

Äåéñòâèòåëüíî, äëÿ ìàòðèö ñ íåîòðèöàòåëüíûìè ýëåìåíòàìè ñïðàâåäëèâî

ñëåäóþùåå óòâåðæäåíèå (ñì. [25℄, ñòð. 365): ñóùåñòâóåò ñîáñòâåííîå ÷èñëî

λ∗ ≥ 0 òàêîå, ÷òî äëÿ âñåõ îñòàëüíûõ ñîáñòâåííûõ ÷èñåë λj , j = 1, . . . , n,
âûïîëíÿåòñÿ |λj| ≤ λ∗

. Îñòàëîñü óáåäèòüñÿ â òîì, ÷òî äëÿ ñîáñòâåííîãî

÷èñëà λ∗ ≥ 0 ìàòðèöû A−1
0 S ñïðàâåäëèâî íåðàâåíñòâî λ∗ < 1. Ïî îïðåäå-

ëåíèþ ñîáñòâåííîãî ÷èñëà èìååì det(A−1
0 S − λ∗E) = 0. Ýòî ýêâèâàëåíòíî

òîìó, ÷òî

det

(
A0 −

1

λ∗
S

)
= 0.

Â ñèëó (4.10) ïîëó÷èì, ÷òî λ∗ < 1. Èòàê, ïîñëåäîâàòåëüíîñòü {x[k]}k∈N
ñõîäèòñÿ, à çíà÷èò, ñóùåñòâóåò ðåøåíèå ñèñòåìû (4.1).

Äîêàæåì åäèíñòâåííîñòü. Ïðåäïîëîæèì, ÷òî ñèñòåìà (4.1) èìååò äâà

ðåøåíèÿ x∗ = (x∗
1, . . . , x

∗
n) è x∗∗ = (x∗∗

1 , . . . , x∗∗
n ):

x∗
i =

n∑

j=1

(a0i )
−1aijfj(x

∗
j ) +

n∑

j=1

(a0i )
−1bijgj(x

∗
j ) + (a0i )

−1ui, i = 1, . . . , n,
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x∗∗
i =

n∑

j=1

(a0i )
−1aijfj(x

∗∗
j ) +

n∑

j=1

(a0i )
−1bijgj(x

∗∗
j ) + (a0i )

−1ui, i = 1, . . . , n.

Â ñèëó íåðàâåíñòâ (1.4), (1.5) ïîëó÷èì

|x∗
i − x∗∗

i | ≤
n∑

j=1

(a0i )
−1|aij |µj|x∗

j − x∗∗
j |

+

n∑

j=1

(a0i )
−1|bij |νj|x∗

j − x∗∗
j |, i = 1, . . . , n.

Ó÷èòûâàÿ îáîçíà÷åíèå

v∗ =



v∗1
.

.

.

v∗n


 =



|x∗

1 − x∗∗
1 |

.

.

.

|x∗
n − x∗∗

n |


 ,

ýòî íåðàâåíñòâî ìîæíî ïåðåïèñàòü â âèäå

v∗ ≤ A−1
0 Sv∗.

Îòñþäà v∗ ≤ (A−1
0 S)kv∗ äëÿ ïðîèçâîëüíîãî k ∈ N. Ïåðåõîäÿ ê ïðåäåëó

ïðè k → ∞ è ó÷èòûâàÿ, ÷òî âñå ñîáñòâåííûå çíà÷åíèÿ ìàòðèöû A−1
0 S

ñîäåðæàòñÿ â åäèíè÷íîì êðóãå, ïîëó÷èì v∗ ≤ 0. Ñëåäîâàòåëüíî, x∗ = x∗∗
.

Åäèíñòâåííîñòü äîêàçàíà.

Òåì ñàìûì, ïðè âûïîëíåíèè óñëîâèé òåîðåìû 3 ó ñèñòåìû (1.1) ñóùå-

ñòâóåò åäèíñòâåííîå ñòàöèîíàðíîå ðåøåíèå.

Òåîðåìà äîêàçàíà.

Àâòîð âûðàæàåò áëàãîäàðíîñòü ä.�.-ì.í. �.Â. Äåìèäåíêî, ä.�.-ì.í.

È.È. Ìàòâååâîé è ê.�.-ì.í. Ò.Ê. Èñêàêîâó çà âíèìàíèå ê ðàáîòå.
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